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Abstract

An impulsive Cohen-Grossberg neural network with time-varying and
S-type distributed delays and reaction-diffusion terms is considered. Un-
der suitable conditions in terms of M —matrices it is proved that the sys-
tem has a unique equilibrium point which is globally exponentially stable.
AMS 2000 Subject Classification: 34A37, 35B35, 35K57, 92B20.
Key Words: Cohen-Grossberg neural networks, S-type delays, impulses,
reaction-diffusion.

1 Introduction

Since Cohen-Grossberg neural networks were proposed by Cohen and Grossberg
[4] in 1983, extensive work has been done on this subject due to their extensive
applications in classification of patterns, associative memories, image process-
ing, quadratic optimization, and other areas. In implementation of neural net-
works, however, time delays inevitably occur due to the finite switching speed
of neurons and amplifiers.



Most widely studied and used neural networks can be classified as either
continuous or discrete. Recently, there has been a somewhat new category of
neural networks which are neither purely continuous-time nor purely dicrete-
time. This third category of neural networks called impulsive neural networks
displays a combination of characteristics of both the continuous and discrete
systems [7].

It is well known that diffusion effect cannot be avoided in the neural net-
works when electrons are moving in asymmetric electromagnetic fields [14], so
the activations must be considered to vary in space as well as in time. The
papers [12, 13] are devoted to the exponential stability of impulsive Cohen-
Grossberg neural networks with, respectively, time-varying and distributed de-
lays and reaction-diffusion terms.

In the present paper we consider an impulsive Cohen-Grossberg neural net-
work with both time-varying and S-type distributed delays [2, 8, 11, 17] and
reaction-diffusion terms as in [16] which are of a form more general than in
[12, 13], and zero Neumann boundary conditions. Under suitable conditions
in terms of M —matrices it is proved that the system obtained has a unique
equilibrium point which is globally exponentially stable.

2 Model description and preliminaries

We consider the following system of impulsive Cohen-Grossberg neural networks
with time-varying and distributed delays and reaction-diffusion terms, and zero
Neumann boundary conditions:

oui(t,z) = 0 Ou;(t, x)
5 - kz_la—m<Di(t,$)Tm)+ai(Uz’(ta$)) —Bi(ui(t, v))

+ Z aij f(u;(t, x)) + Z bijgj(ui(t —7i;(t), x)) (1)

m 0
+ ZCU/ h](uj(t+0,$))d’l7”(0)+<]l , t>0, t#£ty,
Jj=1 e

0

Awui(tg, ) = —Bigui(te, ) +/ ui(ty +0) dCe(0) + vir, k€N,
tp—1—tk
aui .
=0, ui(s,x) = @i(s,x), s<0, z€Q, i=1m,
o |50

where m > 2 is the number of neurons in the network; €2 is a bounded compact
set with smooth boundary 90 and mesQ > 0; 9/9v is the outward normal
derivative; D;(t,xz) > 0 are smooth functions corresponding to the transmis-
sion diffusion operator along the i—th neuron; «;(u;) represent amplification



functions; f§;(u;) are appropriately behaving functions which support the sta-
bilizing feedback term —ov;(u;)Bi(u;) of the i—th neuron; a;j, bs;j, ¢;; denote
the connection weights (or strengths) of the synaptic connections between the
j—th neuron and the i—th neuron; f;(u;), g;(u;), h;(u;) denote the activation
functions of the j—th neuron; J; denotes external input to the i—th neuron;
7:5(t) (i,5 = 1,m) correspond to the transmission delays; the past effect of
the j—th neuron on the i—th neuron is given by the Lebesgue-Stieltjes integral
f_ooo hj(ui(t + 6,x)) dni; (0); Au,(ty,z) = wi(te + 0,2) — u;(ty — 0,2) denote
impulsive state displacements at fixed moments (instants) of time ¢, k € N,
involving Lebesgue-Stieltjes integrals. Here it is assumed that w;(t; — 0, ) and
u;(tx + 0,x) denote respectively the left-hand and right-hand limit at ¢, and
the sequence of times {t;}7°, satisfies 0 =ty < t; <ty < -+ < t), — 400 as
k — +o0.

As usual in the theory of impulsive differential equations (and unlike [12, 13]),
at the points of discontinuity ¢, of the solution ¢ — wu;(t,z) we assume that
ui(tg, ©) = uwi(ty — 0,2). It is clear that, in general, the derivatives %(tk, z) do
not exist. On the other hand, according to the first equality of (1), there do
exist the limits %(tk F0,z). According to the above convention, we assume
%(tkax) = %(tk - 0,.’13)

Throughout the paper we assume that:

A1l The amplification functions «; : R — (0, 400) are continuous and bounded
in the sense that 0 < a; < ai(u) < @; foru € R, i =1, m.

A2 The stabilizing functions 5; : R — R are continuous and monotone increas-
Bi(u) — Bi(v)

u—"v

ing, namely, 0 < éz < for u,v € R, u#wv,i=1,m.

A3 For the activation functions f;(u), g;(u), h;(u) there exist positive constants

uFv u—v uFv u—v
hi(w) — hs
H; = sup hi(w) = hi(v) forall u,v €R, u#wv, i =1, m.
uFv u—-v

A4 Tij(t) satisfy 0< Tij(t) < Tij» 0< 7"2‘]‘(1‘,) <di<«l1 (Z,j = l,m).

A5 ;i (0) (i,j =1,m), (x(0) (k € N) are nondecreasing bounded variation func-
tions on (—o0,0] and [tx—1 — tg,0], respectively, and fi)oo e M dn;;(0) =
k;ij(A) are continuous functions on [0, Ag] for some A\g > 0 and k;;(0) = 1
(without loss of generality), ft(ifrtk d¢i(0) = wy.

*

The components of an equilibrium point «* = (uj,...,u%,) of system (1) are
governed by the algebraic system

m

—Bi(u) + > (aiy f3(uf) + bijg; (uf) + cighy(uf)) + J; =0,  i=Tm. (2)
j=1



and satisfy the linear equations

(_Bik +wk)uf + v =0, i=1m, kéeN. (3)
We assume that

A6 The linear equations (3) are satisfied for any solution u* of system (2).

Denote
) 1/2
st = ( [ (w0 ac)
Definition 1 An equilibrium point u* = (u},...,u?,)T of system (1) is said to

be globally exponentially stable (with Lyapunov exponent A) if there exist con-
stants A > 0 and M > 1 such that for any solution u(t, z) = (u1(t, ), ..., un(t, )T
of system (1) we have

m

> luilt,) —uill < Msup > [[¢i(s,-) — u*[le™"  for all ¢>0.
i=1 s<05=7

Definition 2 [3] A real matrix A = (ai;)mxm is said to be an M —matrix if
a;; < 0fori,j =1,m, i # j and all successive principle minors of A are positive.

Lemma 1 [3] Let A = (Gij)mxm be a real matriz with non-positive off-diagonal
elements. Then A is an M —matriz if and only if one of the following conditions
holds:

(1) There exists a vector & = (&1,&a,...,&m)T with & > 0 such that every

m
component of €T A is positive — that is, Y &aij >0, 5 =1,m.
i=1
(2) There exists a vector & = (£1,&2,...,&m)T with & > 0 such that every

m —
component of A is positive — that is, Y a;;§; >0, i =1,m.
j=1

For more details about M —matrices the reader is referred to [5, 10].
Further on we will need the following lemma.

Lemma 2 [6] A locally invertible C° map ® : R™ — R™ is a homeomorphism
of R™ onto itself if and only if it is proper.

In fact, this assertion is due to Hadamard [9]. A mapping is proper if the pre-
image of every compact is compact. In the finite-dimensional case it suffices to
show that ||®(x)|| — oo as ||z| — oo.

Now let us introduce the following matrices:

a=diag(ay,...,q,,), «a=dag(@,...,qn), Q:diag(él,...,ﬁm),
F = diag(Fy,..., Fy), G=diag(Gy,...,Gy), H=diag(Hy,...,H,),
Al = (laijDmxms 1Bl = (1biDmxms — |C] = (lei])mxm-



Lemma 3 Let assumptions A2, A3, A5, A6 hold and suppose  — (|A|F +
|BIG+|C|H) is an M—matriz. Then system (1) has a unique equilibrium point.

Proof. Let us define a mapping ® : R™ — R™ by ®(u) = (P1(u), Pa(u),. ..,
®,,(u))T for u € R™, where

D, (u) = —Bi(u;) + Z aij fi(us) + bijgi(uj) + cishi(uj)] + Ji,  i=T1,m.
j=1
The space R™ is endowed with the norm ||u|| = >_ |u;|. Under the assumptions
i=1
A2 A3, ®(u) € C°. Tt is known that if ®(u) € C° is a homeomorphism of R™,
then there is a unique point u* = (uj,uj,...,u},)T € R™ such that ®(u*) = 0,
that is, ®;(u*) = 0, ¢ = 1,m. The last equalities are, in fact, (2), so by A5
u* = (uf,ub,...,u’,)T is the equilibrium point we are looking for.

To demonstrate the one-to-one property of ®(u), we take arbitrary vectors
u,v € R™ and assume that ®(u) = ®(v). From

Bi(us) — Bi(vi) Z aij (f5(u;) — f3(v5))
j=1

+ by (g5 (uy) — g5 () + cij (hj(ug) — hy(vy))], i=T,m,
under the assumptions A2, A3 one obtains

Blui —oil <> [lag| Fy + [bi| G + lei | Hy] luy — v, i =T,m.
j=1

We note that the last inequalities can be written in a matrix form as
(8 — (|AIF +|B|G + |C|H)]Ju —v| <0,

which implies u — v=0.
Next we show that [[®(u)|| — oo as [[ul| — oo. It suffices to show that
|®(u)|| — oo, where ®(u) = ®(u) — ®(0). We have ®(u) = (P (u), Pa(u),.. .,

®,,(u))T, where
i(u) = —(Bi(u;) — Bi(0))
+ 0> [aii (i (uy) = £5(0)) + bij (g () — g5(0)) + €3 (hy (u;) — hy(0))]

for ¢ = 1, m. These equalities imply

“i’z‘(ﬂc)’ > Biluil = > [laij | Fy + b3 |Gy + |eij | Hj) ug]. (4)
j=1



From the assumptions of Lemma 3 there exists a vector £ > 0 such that

m

B,& — > llaii | Fy + [bij|Gy + e | Hy]& > 0,
1=1

1,m

Let us denote

w= ﬁ{é] ZHGU‘F + [bi |G +|%|H}§}
: J

m

j ci’i(u)‘ > > & Biluil =Y [lai |Fy + |bij |G + [ess | H s

i=1 i=1 j=1

m

- Zgj { Z laij| Fy + [bij|Gj + |cij | Hj ]g } |us]

i=1
2 ﬂzéﬂuﬂ-
j=1

From the last inequality we deduce

max &; i ’(i)7,<u)’ > ifi
i=1 i=1

~z ’>Nzgj|uj‘>ﬂmln sz‘ujh

i=1,m i=1

that is,
m min & m m£51
= = T,m z 1,m
(b = (b ‘ = 2 .
Il =3[0 2 o2 3l = w2l
i=1 i=1,m i=1,m

The last inequality shows that [|®(u )| — 00 as ||lu]| — oo.
According to Lemma 2, ®(u) € C° is a homeomorphism of R™. g

3 Main results

Theorem 1 Let system (1) satisfy assumptions A1-A6. If there exists a vector
E=(&,...,60)T >0 and a number X > 0 such that

m _ e)\‘l‘ij
> {()\ = @;8,)0i; + s |laig | F + (b G — + |Cz'j|ijz'j(/\)] } & <0 (5
i=1
for j = 1,m, where 6;; = 1, 6;5 = 0 for j # i, then system (1) has a unique
equilibrium point u* = (uf,...,u’)T and there exists a constant M > 1 such



that for any solution u(t,z) = (u1(t, ), ..., um(t,z))T of system (1) we have

m Ot) 0
>l il < e T { masclo = Bl + [ e
i=1 i=1,m th—1—tk
<Y suwp o) —uil 120 (©
= 1S

where i(0,t) = max{k € {0} UN: ¢, <t} is the number of instants of impulse
effect ty, in the interval (0,1).

Proof. First let us note that condition (5) holds if and only if A(6) = aff —
a(|AIF + %5|B|G + |C|H) is an M —matrix. In fact, if A(5) is an M —matrix,
from Lemma 1 there exists a vector £ > 0 such that £¥'[—af + @(|A|F +

5|B|G + |C|H)] < 0. By continuity, there exists A > 0 such that (5) holds.
Conversely, if (5) holds for some A* > 0, then it still holds for all A € [0, A*].
For A = 0, from Lemma 1 we deduce that A(J) is an M —matrix.

If A(6) is an M —matrix, by virtue of 0 < 0 < 1, A(0) = aff — a(|A|F +
|B|G + |C|H) is also an M—matrix. The inequality @ 'a < E (F is the
identity matrix) implies that 8 — (JA|F + |B|G + |C|H) is an M —matrix.
Thus condition (5), by virtue of Lemma 3, ensures the existence of a unique
equilibrium point u* = (u},...,u},)T for system (1). For any other solution

m

u(t,z) = (u1(t, @), ..., un(t,2))T of system (1) denote
w;(t, ) = u(t,x) — ul, i=1,m, xzeQ.

Thus system (1) is transformed into

8wz§,:r) _ g 6;; <Di(t,$)%t];$)> + & (wit, @) | =Pilwilt,x))

+ Zazjfj w;(t, ) "‘wagj w;(t — 7i5(t), x)) (7)

-I—ZCU/ jwi(t+6,2))dni;(0)|, t>0, t#t,

0
Aw;(ty, x) = —Bipw; (ty, x) +/ wi(ty +0)dCe(0), keN,
th—1—tk
8’[01' * .
—1 =0, wi(s, ) = ¢i(s,x) —u;, s<0, z€Q, i=1m,
oV |50

where &;(w;) = a;(w; + uf),

Bilwi) = Bi(w; +uf) = Bi(uy),  Filw;) = fi(w; +uf) — f(u),

3i(wy) = gj(wj +ul) —g;(u),  hy(wy) = hy(w; +u}) — hy(u)).



We multiply the i—th differential equation in (7) by w;(¢, ) and integrate over
the domain §2:

1d Ow; (t,x)
5 7 (wztsc da?—/ﬂk 13xk( t,x) A )wl(t,az)da?

- / Gi(wilt, 2))Bi(wi(t, 2))wit, ) do
Q

+ /Q &i(wi(t, ))wi(t,2) > aij f(w;(t, ) da

=1

=+ /;2 651(11}1(15, x))wz(t, .’E) ; bijgj(wj (t — Tij (t), (L')) dac
0

+ [t Yes [ hilw(e+0.0)d0) do.

j=1 /=

By the zero Neumann boundary conditions we have

Next we have

/ G (t,2)) B wilt, 2)wi(t,2) dz > ., / (wit, 2))° do = o sl (8, )|
Q Q

/Q & (wi (8, ) )wi(t, ) Z aij i (w;(t, x)) da

<a; Z azj|/9|wz-<t,x>|Fj w, (1, )| da

=y Jag|Fyllwi(t, )| s (¢, )]
j=1

Similarly,
/Q Gs(wi(t 2))wn(t 2) S by (wy (¢ — 75 (8), 2)) da
j=1
sazwbma st )| fly & — 73(8), )

oo



and

m 0
/Q di(wi(t,é))wi(t,é)j;cij [ e+ 0,2)) dy 0)

m 0
samemenwwmwwy
Combining the above inequalities, we obtain

s O < = e, 1P 3 3 {5 e )

j=1

0
+ [bi |Gl [wi ;)] fw; (= Tz]()a')”+|Cij|Hj”wi(t7')H/7 Iij(tJr(’,')ldmj((?)}

or

m

D |wit, )| < —au8,[lwi(t, )||+azZ{aijIFj|wg‘(tv-)| (8)

Jj=1
0
+ bij|Gillw; (t — 75 (), ) + [ei | Hj / lw;(t+6,-) dmj(@)} 7

where D' denotes the upper right Dini derivative.
If we introduce the notation y;(t) = e ||w;(t,-)||, then from (8) we find

D+yi(t) < (A - B yi(t) + Z {|a’Z]|ij_1 9)

+ (bl Gy (¢ — 7oy (1) O ¢ |%‘|Hj/ e My;(t+6) dm‘j(é’)}-
—o0
We consider a Lyapunov functional

)\T”

m m t
yi(t) +@; b;i |G / y;(s)ds
Z{ Z| .7‘ .71_6 tfrij(t) J( )

=1

+ ole|c”\H/ e M </ yj(s)d5> dnij(o)}§i7

where A and &, i = 1,m are as in (5). We may suppose that A € (0, Ag).
We note that V' (¢) > 0 for ¢ > 0 and

m )\T” 0
Z{yz +azZ|sz|Gjl (5/ y;(s)ds

i=1 —7i5(t)



thus

with

0

m m = o ATji
= Z{yi(0)§i+GiZ|bﬁ%/ yi(s)ds§;
; =

—7ji(t)

m

Ms

0
ICji@/ e (=0) dn;i(0) §j}supy(3)’

s<0

V(0) <MZsupyZ s) (10)

—1 s<0

i=1,m

M = max {fz—i—G Z'bﬂl T]Z &

m 0
+ HiZ\Cjin/ e (=0) dn;i(0) fj}-
=1 —o0

The above integral is convergent because of A < Ag.
Calculating the rate of change of V(t) along the solutions of (7), by virtue
of (9), (5) and A4 we obtain

m m
DYV(t) Z{ a;B)yi(t) + zz{ml
j=1

0
|bi| Gy (t — 715 (£))e5 D + i | H; e My;(t+0) dmj(e)}

— 00

N Ay | 85 1—75(t)
Ofi;|bij\0j€ Lj—é—yj(t—m(t))lijd

@3 el H, / e [y;(t) yj<t+o>]dmj<9>}si

10



m m

ATij
< Yy {()\ —,;8,)0i5 + @ [aiﬂFj + \bz‘j|Gj%5 + |Cij|ijij(>\)} }&‘

1 i=1

Tij Tl_Tl(t)
z§z; |bi5|Gy; (¢ — 735 (t)) (e’\ 90 — AT 1—%) = 0.

MS“

3

+

i=1

This implies that V(¢) is nonincreasing on every interval (tx_1,tx], k € N, thus

V(t) <V(tge—1 +0) for tr_q1 <t <ty (11)
In particular,
Vity) < V(tkfl + 0), k € N. (12)
Further on, for £ € N we find successively
0
w;(ty +0,2) = (1 — Big)w;(tx, ) + / w;(tr + 0, ) d(i(6),
th—1—tg
0
lwi(te +0,-) || < [1 = Big| [[wi(ty, )| +/ l[wi(tx + 6, )| dCk (6)
te—1—tg
and o
Yty +0) < |1 — Big|yi(tx) +/ e My, (ty + 0) dCi(6).
tr—1—tk

Making use of (11) and (12), we obtain

0
V(te +0) < max [1— BixlV(tg) +/ e M dC(0) V(tp_1 +0)
t

i=1,m k—1—1k

0
<ma_x|1 — By | + / e M d{k(9)> V(tr—1+0).
i=1,m th—1—tk

Combaning the last estimate with (11), (12) and (10), we derive (6) O

For three sets of additional assumptions we will show that inequality (6)
implies global exponential stability of the equilibrium point u* of the impulsive
system (1).

IN

Corollary 1 Let all conditions of Theorem 1 hold and

0
max L= Bul+ [ e Mdg0)<1
i=1,m tr—1—tk

for all sufficiently large values of k € N. Then the equilibrium point u* of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent .

In the above corollary the global exponential stability was provided by the
rather small magnitudes of the impulse effects. Further we will show that we may
have global exponential stability for quite large and even unbounded magnitudes
of the impulse effects provided that those do not occur too often.
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Corollary 2 Let all conditions of Theorem 1 hold and
(0, 1)

lim sup L7 p < 400.

t—o0 t

Let there exist a positive constant B satisfying the inequalities

0
mﬂ\l—BikH-/ e Md¢L(0) < B
t

i=1,m k—1—tk

and pln B < X. Then for any X € (0, A\ — pln B) the equilibrium point u* of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent .

Similar conditions were introduced in our previous paper [1].

Corollary 3 Let all conditions of Theorem 1 and there exists a constant k €
(0, \) satisfying the inequality

0
max [1— Byl + / e dey(0) < enltr—tion)
t

=1,m k—1—lk

for all sufficiently large values of k € N. Then the equilibrium point u* of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent
A—K.

A similar condition was introduced in the paper [15].
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