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Abstract

An impulsive Cohen-Grossberg neural network with time-varying and
S-type distributed delays and reaction-diffusion terms is considered. Un-
der suitable conditions in terms of M−matrices it is proved that the sys-
tem has a unique equilibrium point which is globally exponentially stable.
AMS 2000 Subject Classification: 34A37, 35B35, 35K57, 92B20.
Key Words: Cohen-Grossberg neural networks, S-type delays, impulses,
reaction-diffusion.

1 Introduction
Since Cohen-Grossberg neural networks were proposed by Cohen and Grossberg
[4] in 1983, extensive work has been done on this subject due to their extensive
applications in classification of patterns, associative memories, image process-
ing, quadratic optimization, and other areas. In implementation of neural net-
works, however, time delays inevitably occur due to the finite switching speed
of neurons and amplifiers.
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Most widely studied and used neural networks can be classified as either
continuous or discrete. Recently, there has been a somewhat new category of
neural networks which are neither purely continuous-time nor purely dicrete-
time. This third category of neural networks called impulsive neural networks
displays a combination of characteristics of both the continuous and discrete
systems [7].
It is well known that diffusion effect cannot be avoided in the neural net-

works when electrons are moving in asymmetric electromagnetic fields [14], so
the activations must be considered to vary in space as well as in time. The
papers [12, 13] are devoted to the exponential stability of impulsive Cohen-
Grossberg neural networks with, respectively, time-varying and distributed de-
lays and reaction-diffusion terms.
In the present paper we consider an impulsive Cohen-Grossberg neural net-

work with both time-varying and S-type distributed delays [2, 8, 11, 17] and
reaction-diffusion terms as in [16] which are of a form more general than in
[12, 13], and zero Neumann boundary conditions. Under suitable conditions
in terms of M−matrices it is proved that the system obtained has a unique
equilibrium point which is globally exponentially stable.

2 Model description and preliminaries
We consider the following system of impulsive Cohen-Grossberg neural networks
with time-varying and distributed delays and reaction-diffusion terms, and zero
Neumann boundary conditions:

∂ui(t, x)

∂t
=

nX
k=1

∂

∂xk

µ
Di(t, x)

∂ui(t, x)

∂xk

¶
+ αi(ui(t, x))

⎡⎣−βi(ui(t, x))
+

mX
j=1

aijfj(uj(t, x)) +
mX
j=1

bijgj(uj(t− τij(t), x)) (1)

+
mX
j=1

cij

Z 0

−∞
hj(uj(t+ θ, x)) dηij(θ) + Ji

⎤⎦ , t > 0, t 6= tk,

∆ui(tk, x) = −Bikui(tk, x) +

Z 0

tk−1−tk
ui(tk + θ) dζk(θ) + γik, k ∈ N,

∂ui
∂ν

¯̄̄̄
∂Ω

= 0, ui(s, x) = φi(s, x), s ≤ 0, x ∈ Ω, i = 1,m,

where m ≥ 2 is the number of neurons in the network; Ω is a bounded compact
set with smooth boundary ∂Ω and mesΩ > 0; ∂/∂ν is the outward normal
derivative; Di(t, x) > 0 are smooth functions corresponding to the transmis-
sion diffusion operator along the i−th neuron; αi(ui) represent amplification
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functions; βi(ui) are appropriately behaving functions which support the sta-
bilizing feedback term −αi(ui)βi(ui) of the i−th neuron; aij , bij , cij denote
the connection weights (or strengths) of the synaptic connections between the
j−th neuron and the i−th neuron; fj(uj), gj(uj), hj(uj) denote the activation
functions of the j−th neuron; Ji denotes external input to the i−th neuron;
τij(t) (i, j = 1,m) correspond to the transmission delays; the past effect of
the j−th neuron on the i−th neuron is given by the Lebesgue-Stieltjes integralR 0
−∞ hj(uj(t + θ, x)) dηij(θ); ∆ui(tk, x) = ui(tk + 0, x) − ui(tk − 0, x) denote
impulsive state displacements at fixed moments (instants) of time tk, k ∈ N,
involving Lebesgue-Stieltjes integrals. Here it is assumed that ui(tk − 0, x) and
ui(tk + 0, x) denote respectively the left-hand and right-hand limit at tk, and
the sequence of times {tk}∞k=1 satisfies 0 = t0 < t1 < t2 < · · · < tk → +∞ as
k → +∞.
As usual in the theory of impulsive differential equations (and unlike [12, 13]),

at the points of discontinuity tk of the solution t 7→ ui(t, x) we assume that
ui(tk, x) ≡ ui(tk − 0, x). It is clear that, in general, the derivatives ∂u

∂t (tk, x) do
not exist. On the other hand, according to the first equality of (1), there do
exist the limits ∂u

∂t (tk ∓ 0, x). According to the above convention, we assume
∂u
∂t (tk, x) ≡

∂u
∂t (tk − 0, x).

Throughout the paper we assume that:

A1 The amplification functions αi : R→ (0,+∞) are continuous and bounded
in the sense that 0 < αi ≤ αi(u) ≤ αi for u ∈ R, i = 1,m.

A2 The stabilizing functions βi : R→ R are continuous and monotone increas-

ing, namely, 0 < β
i
≤ βi(u)− βi(v)

u− v
for u, v ∈ R, u 6= v, i = 1,m.

A3 For the activation functions fi(u), gi(u), hi(u) there exist positive constants

Fi,Gi,Hi such that Fi = sup
u6=v

¯̄̄̄
fi(u)− fi(v)

u− v

¯̄̄̄
, Gi = sup

u6=v

¯̄̄̄
gi(u)− gi(v)

u− v

¯̄̄̄
,

Hi = sup
u 6=v

¯̄̄̄
hi(u)− hi(v)

u− v

¯̄̄̄
for all u, v ∈ R, u 6= v, i = 1,m.

A4 τij(t) satisfy 0 ≤ τij(t) ≤ τij , 0 ≤ τ̇ij(t) ≤ δ < 1 (i, j = 1,m).

A5 ηij(θ) (i, j = 1,m), ζk(θ) (k ∈ N) are nondecreasing bounded variation func-
tions on (−∞, 0] and [tk−1 − tk, 0], respectively, and

R 0
−∞ e−λθ dηij(θ) =

kij(λ) are continuous functions on [0, λ0] for some λ0 > 0 and kij(0) = 1

(without loss of generality),
R 0
tk−1−tk dζk(θ) = ωk.

The components of an equilibrium point u∗ = (u∗1, . . . , u
∗
m) of system (1) are

governed by the algebraic system

−βi(u∗i ) +
mX
j=1

¡
aijfj(u

∗
j ) + bijgj(u

∗
j ) + cijhj(u

∗
j )
¢
+ Ji = 0, i = 1,m. (2)
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and satisfy the linear equations

(−Bik + ωk)u
∗
i + γik = 0, i = 1,m, k ∈ N. (3)

We assume that

A6 The linear equations (3) are satisfied for any solution u∗ of system (2).

Denote

kui(t, ·)k =
µZ
Ω

¡
ui(t, x)

¢2
dx

¶1/2
.

Definition 1 An equilibrium point u∗ = (u∗1, . . . , u
∗
m)

T of system (1) is said to
be globally exponentially stable (with Lyapunov exponent λ) if there exist con-
stants λ > 0 andM ≥ 1 such that for any solution u(t, x) = (u1(t, x), . . . , um(t, x))T
of system (1) we have

mX
i=1

kui(t, ·)− u∗i k ≤M sup
s≤0

mX
i=1

kφi(s, ·)− u∗ke−λt for all t ≥ 0.

Definition 2 [3] A real matrix A = (aij)m×m is said to be an M−matrix if
aij ≤ 0 for i, j = 1,m, i 6= j and all successive principle minors of A are positive.

Lemma 1 [3] Let A = (aij)m×m be a real matrix with non-positive off-diagonal
elements. Then A is an M−matrix if and only if one of the following conditions
holds:
(1) There exists a vector ξ = (ξ1, ξ2, . . . , ξm)

T with ξi > 0 such that every

component of ξTA is positive – that is,
mP
i=1

ξiaij > 0, j = 1,m.

(2) There exists a vector ξ = (ξ1, ξ2, . . . , ξm)
T with ξi > 0 such that every

component of Aξ is positive – that is,
mP
j=1

aijξj > 0, i = 1,m.

For more details about M−matrices the reader is referred to [5, 10].
Further on we will need the following lemma.

Lemma 2 [6] A locally invertible C0 map Φ : Rm → Rm is a homeomorphism
of Rm onto itself if and only if it is proper.

In fact, this assertion is due to Hadamard [9]. A mapping is proper if the pre-
image of every compact is compact. In the finite-dimensional case it suffices to
show that kΦ(x)k→∞ as kxk→∞.
Now let us introduce the following matrices:

α = diag(α1, . . . , αm), α = diag(α1, . . . , αm), β = diag(β
1
, . . . , β

m
),

F = diag(F1, . . . , Fm), G = diag(G1, . . . , Gm), H = diag(H1, . . . ,Hm),
|A| = (|aij |)m×m, |B| = (|bij |)m×m, |C| = (|cij |)m×m.
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Lemma 3 Let assumptions A2, A3, A5, A6 hold and suppose β −
¡
|A|F +

|B|G+|C|H
¢
is anM−matrix. Then system (1) has a unique equilibrium point.

Proof. Let us define a mapping Φ : Rm → Rm by Φ(u) = (Φ1(u),Φ2(u), . . .,
Φm(u))

T for u ∈ Rm, where

Φi(u) = −βi(ui) +
mX
j=1

£
aijfj(uj) + bijgj(uj) + cijhj(uj)

¤
+ Ji, i = 1,m.

The space Rm is endowed with the norm kuk =
mP
i=1
|ui|. Under the assumptions

A2, A3, Φ(u) ∈ C0. It is known that if Φ(u) ∈ C0 is a homeomorphism of Rm,
then there is a unique point u∗ = (u∗1, u

∗
2, . . . , u

∗
m)

T ∈ Rm such that Φ(u∗) = 0,
that is, Φi(u∗) = 0, i = 1,m. The last equalities are, in fact, (2), so by A5
u∗ = (u∗1, u

∗
2, . . . , u

∗
m)

T is the equilibrium point we are looking for.
To demonstrate the one-to-one property of Φ(u), we take arbitrary vectors

u, v ∈ Rm and assume that Φ(u) = Φ(v). From

βi(ui)− βi(vi) =
mX
j=1

£
aij (fj(uj)− fj(vj))

+ bij (gj(uj)− gj(vj)) + cij (hj(uj)− hj(vj))
¤
, i = 1,m,

under the assumptions A2, A3 one obtains

β
i
|ui − vi| ≤

mX
j=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤
|uj − vj |, i = 1,m.

We note that the last inequalities can be written in a matrix form as£
β −

¡
|A|F + |B|G+ |C|H

¢¤
|u− v| ≤ 0,

which implies u− v=0.
Next we show that kΦ(u)k → ∞ as kuk → ∞. It suffices to show that

kΦ̃(u)k → ∞, where Φ̃(u) = Φ(u) − Φ(0). We have Φ̃(u) = (Φ̃1(u), Φ̃2(u), . . .,
Φ̃m(u))

T , where

Φ̃i(u) = −(βi(ui)− βi(0))

+
mX
j=1

£
aij(fj(uj)− fj(0)) + bij(gj(uj)− gj(0)) + cij(hj(uj)− hj(0))

¤
for i = 1,m. These equalities imply¯̄̄

Φ̃i(x)
¯̄̄
≥ β

i
|ui|−

mX
j=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤
|uj|. (4)
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From the assumptions of Lemma 3 there exists a vector ξ > 0 such that

β
j
ξj −

mX
i=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤
ξi > 0, j = 1,m.

Let us denote

μ = min
j=1,m

(
β
j
−

mX
i=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤ ξi
ξj

)
.

Then from (4)

mX
i=1

ξi

¯̄̄
Φ̃i(u)

¯̄̄
≥

mX
i=1

ξi

⎧⎨⎩β
i
|ui|−

mX
j=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤
|uj |

⎫⎬⎭
=

mX
j=1

ξj

(
β
j
−

mX
i=1

£
|aij |Fj + |bij |Gj + |cij |Hj

¤ ξi
ξj

)
|uj |

≥ μ
mX
j=1

ξj |uj |.

From the last inequality we deduce

max
i=1,m

ξi

mX
i=1

¯̄̄
Φ̃i(u)

¯̄̄
≥

mX
i=1

ξi

¯̄̄
Φ̃i(u)

¯̄̄
≥ μ

mX
j=1

ξj |uj | ≥ μ min
j=1,m

ξj

mX
j=1

|uj |,

that is,

kΦ̃(u)k =
mX
i=1

¯̄̄
Φ̃i(u)

¯̄̄
≥ μ

min
i=1,m

ξi

max
i=1,m

ξi

mX
i=1

|ui| = μ

min
i=1,m

ξi

max
i=1,m

ξi
kuk.

The last inequality shows that kΦ̃(u)k→∞ as kuk→∞.
According to Lemma 2, Φ(u) ∈ C0 is a homeomorphism of Rm. ¤

3 Main results
Theorem 1 Let system (1) satisfy assumptions A1—A6. If there exists a vector
ξ = (ξ1, . . . , ξm)

T > 0 and a number λ > 0 such that

mX
i=1

½
(λ− αiβi)δij + αi

∙
|aij |Fj + |bij |Gj

eλτij

1− δ
+ |cij |Hjkij(λ)

¸¾
ξi < 0 (5)

for j = 1,m, where δii = 1, δij = 0 for j 6= i, then system (1) has a unique
equilibrium point u∗ = (u∗1, . . . , u

∗
m)

T and there exists a constant M ≥ 1 such

6



that for any solution u(t, x) = (u1(t, x), . . . , um(t, x))
T of system (1) we have

mX
i=1

kui(t, ·)− u∗i k ≤ Me−λt
i(0,t)Y
k=1

Ã
max
i=1,m

|1−Bik|+
Z 0

tk−1−tk
e−λθ dζk(θ)

!

×
mX
i=1

sup
s≤0

kui(s, ·)− u∗i k, t ≥ 0, (6)

where i(0, t) = max{k ∈ {0} ∪ N : tk < t} is the number of instants of impulse
effect tk in the interval (0, t).

Proof. First let us note that condition (5) holds if and only if A(δ) = αβ −
α
¡
|A|F + 1

1−δ |B|G+ |C|H
¢
is an M−matrix. In fact, if A(δ) is an M−matrix,

from Lemma 1 there exists a vector ξ > 0 such that ξT
£
−αβ + α(|A|F +

1
1−δ |B|G + |C|H)

¤
< 0. By continuity, there exists λ > 0 such that (5) holds.

Conversely, if (5) holds for some λ∗ > 0, then it still holds for all λ ∈ [0, λ∗].
For λ = 0, from Lemma 1 we deduce that A(δ) is an M−matrix.
If A(δ) is an M−matrix, by virtue of 0 < δ < 1, A(0) = αβ − α(|A|F +

|B|G + |C|H) is also an M−matrix. The inequality α−1α ≤ E (E is the
identity matrix) implies that β −

¡
|A|F + |B|G + |C|H

¢
is an M−matrix.

Thus condition (5), by virtue of Lemma 3, ensures the existence of a unique
equilibrium point u∗ = (u∗1, . . . , u

∗
m)

T for system (1). For any other solution
u(t, x) = (u1(t, x), . . . , um(t, x))

T of system (1) denote

wi(t, x) = ui(t, x)− u∗i , i = 1,m, x ∈ Ω.

Thus system (1) is transformed into

∂wi(t, x)

∂t
=

nX
k=1

∂

∂xk

µ
Di(t, x)

∂wi(t, x)

∂xk

¶
+ α̃i(wi(t, x))

⎡⎣−β̃i(wi(t, x))

+
mX
j=1

aij f̃j(wj(t, x)) +
mX
j=1

bij g̃j(wj(t− τij(t), x)) (7)

+
mX
j=1

cij

Z 0

−∞
h̃j(wj(t+ θ, x)) dηij(θ)

⎤⎦ , t > 0, t 6= tk,

∆wi(tk, x) = −Bikwi(tk, x) +

Z 0

tk−1−tk
wi(tk + θ) dζk(θ), k ∈ N,

∂wi

∂ν

¯̄̄̄
∂Ω

= 0, wi(s, x) = φi(s, x)− u∗i , s ≤ 0, x ∈ Ω, i = 1,m,

where α̃i(wi) = αi(wi + u∗i ),

β̃i(wi) = βi(wi + u∗i )− βi(u
∗
i ), f̃j(wj) = fj(wj + u∗j )− fj(u

∗
j ),

g̃j(wj) = gj(wj + u∗j )− gj(u
∗
j ), h̃j(wj) = hj(wj + u∗j )− hj(u

∗
j ).
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We multiply the i−th differential equation in (7) by wi(t, x) and integrate over
the domain Ω:

1

2

d

dt

Z
Ω

¡
wi(t, x)

¢2
dx =

Z
Ω

nX
k=1

∂

∂xk

µ
Di(t, x)

∂wi(t, x)

∂xk

¶
wi(t, x) dx

−
Z
Ω

α̃i(wi(t, x))β̃i(wi(t, x))wi(t, x) dx

+

Z
Ω

α̃i(wi(t, x))wi(t, x)
mX
j=1

aij f̃j(wj(t, x)) dx

+

Z
Ω

α̃i(wi(t, x))wi(t, x)
mX
j=1

bij g̃j(wj(t− τij(t), x)) dx

+

Z
Ω

α̃i(wi(t, x))wi(t, x)
mX
j=1

cij

Z 0

−∞
h̃j(wj(t+ θ, x)) dηij(θ) dx.

By the zero Neumann boundary conditions we haveZ
Ω

nX
k=1

∂

∂xk

µ
Di(t, x)

∂wi(t, x)

∂xk

¶
wi(t, x) dx = −

nX
k=1

Z
Ω

Di(t, x)

µ
∂wi(t, x)

∂xk

¶2
≤ 0.

Next we haveZ
Ω

α̃i(wi(t, x))β̃i(wi(t, x))wi(t, x) dx ≥ αiβi

Z
Ω

¡
wi(t, x)

¢2
dx = αiβikwi(t, ·)k2;

Z
Ω

α̃i(wi(t, x))wi(t, x)
mX
j=1

aij f̃j(wj(t, x)) dx

≤ αi

mX
j=1

|aij |
Z
Ω

|wi(t, x)|Fj |wj(t, x)| dx

≤ αi

mX
j=1

|aij |Fj
µZ
Ω

¡
wi(t, x)

¢2
dx

¶1/2
×
µZ
Ω

¡
wj(t, x)

¢2
dx

¶1/2
= αi

mX
j=1

|aij |Fjkwi(t, ·)k kwj(t, ·)k.

Similarly, Z
Ω

α̃i(wi(t, x))wi(t, x)
mX
j=1

bij g̃j(wj(t− τij(t), x)) dx

≤ αi

mX
j=1

|bij |Gjkwi(t, ·)k kwj(t− τij(t), ·)k

8



and Z
Ω

α̃i(wi(t, c))wi(t, c)
mX
j=1

cij

Z 0

−∞
h̃j(wj(t+ θ, x)) dηij(θ) dx

≤ αi

mX
j=1

|cij |Hjkwi(t, ·)k
Z 0

−∞
kwj(t+ θ, ·)k dηij(θ).

Combining the above inequalities, we obtain

1

2

d

dt
kwi(t, ·)k2 ≤ −αiβikwi(t, ·)k2 + αi

mX
j=1

½
|aij |Fjkwi(t, ·)k kwj(t, ·)k

+ |bij |Gjkwi(t, ·)k kwj(t−τij(t), ·)k+ |cij |Hjkwi(t, ·)k
Z 0

−∞
kwj(t+ θ, ·)k dηij(θ)

¾
or

D+kwi(t, ·)k ≤ −αiβikwi(t, ·)k+ αi

mX
j=1

½
|aij |Fjkwj(t, ·)k (8)

+ |bij |Gjkwj(t− τij(t), ·)k+ |cij |Hj

Z 0

−∞
kwj(t+ θ, ·)k dηij(θ)

¾
,

where D+ denotes the upper right Dini derivative.
If we introduce the notation yi(t) = eλtkwi(t, ·)k, then from (8) we find

D+yi(t) ≤ (λ− αiβi)yi(t) + αi

mX
j=1

½
|aij |Fjyj(t) (9)

+ |bij |Gjyj(t− τij(t))e
λτij(t) + |cij |Hj

Z 0

−∞
e−λθyj(t+ θ) dηij(θ)

¾
.

We consider a Lyapunov functional

V (t) =
mX
i=1

⎧⎨⎩yi(t) + αi

mX
j=1

|bij |Gj
eλτij

1− δ

Z t

t−τij(t)
yj(s) ds

+ αi

mX
j=1

|cij |Hj

Z 0

−∞
e−λθ

µZ t

t+θ

yj(s) ds

¶
dηij(θ)

⎫⎬⎭ ξi,

where λ and ξi, i = 1,m are as in (5). We may suppose that λ ∈ (0, λ0).
We note that V (t) > 0 for t ≥ 0 and

V (0) =
mX
i=1

⎧⎨⎩yi(0) + αi

mX
j=1

|bij |Gj
eλτij

1− δ

Z 0

−τij(t)
yj(s) ds

9



+ αi

mX
j=1

|cij |Hj

Z 0

−∞
e−λθ

µZ 0

θ

yj(s) ds

¶
dηij(θ)

⎫⎬⎭ ξi

=
mX
i=1

⎧⎨⎩yi(0) ξi +Gi

mX
j=1

|bji|
αje

λτji

1− δ

Z 0

−τji(t)
yi(s) ds ξj

+ Hi

mX
j=1

|cji|αj
Z 0

−∞
e−λθ

µZ 0

θ

yi(s) ds

¶
dηji(θ) ξj

⎫⎬⎭
≤

mX
i=1

⎧⎨⎩ξi +Gi

mX
j=1

|bji|
αje

λτjiτji
1− δ

ξj

+ Hi

mX
j=1

|cji|αj
Z 0

−∞
e−λθ(−θ) dηji(θ) ξj

⎫⎬⎭ sups≤0
y(s),

thus

V (0) ≤M
mX
i=1

sup
s≤0

yi(s) (10)

with

M = max
i=1,m

⎧⎨⎩ξi +Gi

mX
j=1

|bji|
αje

λτjiτji
1− δ

ξj

+ Hi

mX
j=1

|cji|αj
Z 0

−∞
e−λθ(−θ) dηji(θ) ξj

⎫⎬⎭ .

The above integral is convergent because of λ < λ0.
Calculating the rate of change of V(t) along the solutions of (7), by virtue

of (9), (5) and A4 we obtain

D+V (t) ≤
mX
i=1

⎧⎨⎩(λ− αiβi)yi(t) + αi

mX
j=1

∙
|aij |Fjyj(t)

+ |bij |Gjyj(t− τij(t))e
λτij(t) + |cij |Hj

Z 0

−∞
e−λθyj(t+ θ) dηij(θ)

¸
+ αi

mX
j=1

|bij |Gje
λτij

∙
yj(t)

1− δ
− yj(t− τij(t))

1− τ̇ij(t)

1− δ

¸

+ αi

mX
j=1

|cij |Hj

Z 0

−∞
e−λθ

£
yj(t)− yj(t+ θ)

¤
dηij(θ)

⎫⎬⎭ ξi
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≤
mX
j=1

yj(t)
mX
i=1

½
(λ− αiβi)δij + αi

∙
|aij |Fj + |bij |Gj

eλτij

1− δ
+ |cij |Hjkij(λ)

¸¾
ξi

+
mX
i=1

αiξi

mX
j=1

|bij |Gjyj(t− τij(t))

µ
eλτij(t) − eλτij

1− τ̇ij(t)

1− δ

¶
≤ 0.

This implies that V (t) is nonincreasing on every interval (tk−1, tk], k ∈ N, thus

V (t) ≤ V (tk−1 + 0) for tk−1 < t ≤ tk. (11)

In particular,
V (tk) ≤ V (tk−1 + 0), k ∈ N. (12)

Further on, for k ∈ N we find successively

wi(tk + 0, x) = (1−Bik)wi(tk, x) +

Z 0

tk−1−tk
wi(tk + θ, x) dζk(θ),

kwi(tk + 0, ·)k ≤ |1−Bik| kwi(tk, ·)k+
Z 0

tk−1−tk
kwi(tk + θ, ·)k dζk(θ)

and

yi(tk + 0) ≤ |1−Bik|yi(tk) +
Z 0

tk−1−tk
e−λθyi(tk + θ) dζk(θ).

Making use of (11) and (12), we obtain

V (tk + 0) ≤ max
i=1,m

|1−Bik|V (tk) +
Z 0

tk−1−tk
e−λθ dζk(θ)V (tk−1 + 0)

≤
Ã
max
i=1,m

|1−Bik|+
Z 0

tk−1−tk
e−λθ dζk(θ)

!
V (tk−1 + 0).

Combaning the last estimate with (11), (12) and (10), we derive (6) ¤
For three sets of additional assumptions we will show that inequality (6)

implies global exponential stability of the equilibrium point u∗ of the impulsive
system (1).

Corollary 1 Let all conditions of Theorem 1 hold and

max
i=1,m

|1−Bik|+
Z 0

tk−1−tk
e−λθ dζk(θ) ≤ 1

for all sufficiently large values of k ∈ N. Then the equilibrium point u∗ of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent λ.

In the above corollary the global exponential stability was provided by the
rather small magnitudes of the impulse effects. Further we will show that we may
have global exponential stability for quite large and even unbounded magnitudes
of the impulse effects provided that those do not occur too often.
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Corollary 2 Let all conditions of Theorem 1 hold and

lim sup
t→∞

i(0, t)

t
= p < +∞.

Let there exist a positive constant B satisfying the inequalities

max
i=1,m

|1−Bik|+
Z 0

tk−1−tk
e−λθ dζk(θ) ≤ B

and p lnB < λ. Then for any λ̃ ∈ (0, λ− p lnB) the equilibrium point u∗ of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent λ̃.

Similar conditions were introduced in our previous paper [1].

Corollary 3 Let all conditions of Theorem 1 and there exists a constant κ ∈
(0, λ) satisfying the inequality

max
i=1,m

|1−Bik|+
Z 0

tk−1−tk
e−λθ dζk(θ) ≤ eκ(tk−tk−1)

for all sufficiently large values of k ∈ N. Then the equilibrium point u∗ of the
impulsive system (1) is globally exponentially stable with Lyapunov exponent
λ− κ.

A similar condition was introduced in the paper [15].
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